Abstract. Rearrangeable networks are switching systems capable of establishing simultaneous independent communication paths in accordance with any one-to-one correspondence between their n inputs and n outputs. Classical results show that f(n log n) switches are necessary and that O(n log n) switches are sufficient for such networks. We are interested in the minimum possible number of switches in rearrangeable networks in which the depth (the length of the longest path from an input to an output) is at most k, where k is fixed as n increases. We show that I(n 1+1/k) switches are necessary and that O(nl+I/k(log n)Ilk) switches are sufficient for such networks.
1.
Introduction. An (m, n )-network G V, E, A, B) comprises an acyclic directed graph with vertices V and edges E, a set of m distinguished vertices A called inputs and a set of n other distinguished vertices B called outputs.
A request is an ordered pair (a, b) comprising an input a and an oatput h. A route is a directed path from an input to an output. A route satisfies a request (a, b) if it is from a to b.
An l-assignment is a set of requests, no two of which have an input or output in common. An l-state is a set of routes, no two of which have a vertex in common.
An/-state satisfies an/-assignment if it contains a route satisfying each request in the assignment.
An n-connector (also known as a rearrangeable n-network) is an (n, n)-network that has an n-state satisfying each of the n! n-assignments. The size of a network is the number of edges in it. The depth of a network is the maximum number of edges in any route in it.
Let f(n) denote the minimum possible size of an n-connector. An informationtheoretic argument (due to C. E. Shannon) shows that f(n) f(n log n) (see Pippenger [4] ; f(...) means "some function bounded below by a strictly positive constant times. "). A classical construction (due to D. Slepian, A. M. Duguid and J. LeCorre) shows that f(n)=O(n log n) (see Pippenger [3] ; O(...) means "some function bounded above in absolute value by a constanttimes... ").
Let fk (n) denote the minimum possible size of an n-connector having depth at most k. We shall be interested in the behavior of fk(n) as n grows while k remains fixed. The case k 1 is trivial: fl(n)= n 2. For k 2, a probabilistic argument (used by de Bruijn, Erd6s and Spencer [1] to solve a problem of van Lint [2] ) shows that f2(n) O(n3/E(log n)1/2). For odd k _-> 3, the classical construction referred to above shows that fk(n) O(rtl+E/(k+l)).
In 2 we shall show (by adapting an argument due to Pippenger and Valiant [5] ) that fk(n)= I(nXX/k). In 3 and 4 we shall show (by a probabilistic argument) that fk(n)= O(n+/k(log n)I/k An n-shifter is an (n, n)-network with inputs A={al,..., aN}, outputs B {b 1, , b, } and, for 1 -</' <-n, a state satisfying the assignment {(al, bj/l),''', (aN, b./,)} (addition is modulo n). THEOREM 2.1. Any n-shifter of depth at most k has size at least kn 1/1/k. Proof. Let G (V, E, A, B) be an n-shifter of depth at most k. Let Ri, be the route from input ai to output b./i in the state that satisfies the assignment {(al, bi/),...,(a,,bi/,)}. By identifying common initial segments, the routes R.I, , Rg., can be assembled into an n-tree Ti of depth at most k, for which A(Ti) > kn l+l/k by Proposition 2.1 For 1 <= i-< n, 1 =</" =< n and e e E, let Ix(i,/', e) be 1 if the edge e is directed out of a vertex on R,. and 0 otherwise. For any and/', we have and by summing over j, we have
On the other hand, since the routes R 1,j, , R,,i have no vertex in common, an edge e can be directed out of a vertex on at most one of them. Thus, for any f and e, we have E Ix(i,],e) <-1.
By summing over/' we have , lz(i,i,e)<--n, l]<--_n l<--_i<=n and by summing over e we have . , Y . , p(i,j,e)<--n #(E) eeE <=]<--n # (" ') means "the cardinality of. "). then (X> 2np)= g'(). If Z T x-2"p (where T > 1 is a parameter to be chosen later), then <-Z and so 8'() <-g" (Z). Thus it will suffice to estimate g'(Z).
Since X is the sum of n independent random variables that assume the value 1 with probability p and the value 0 with probability 1-p, T x is the product of n independent random variables that have expected value pT + 1-p. Thus, g' (Z) ( Thus, it will suffice to show that (r/<xk-ll2x)<= 1/16n 4. Let c6' be the collection of subsets X of the inputs of F for which (F(X)) < x k-. Since F is an (l, 
